Fluid mixing and mass transfer in
two-dimensional cavities with
time-periodic lid velocity
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Fluid mixing and mass transfer in cavities with time-periodic lid velocity were examined
numerically. Unsteady Galerkin finite elements computations were performed for various
flow parameters. Global fluid mixing is greatly promoted when an unsteady component of
the velocity is superimposed on the steady flow. There is an optimum oscillation frequency
that produces the best mixing. Fluid mixing also depends on the oscillation amplitude and
the geometric aspect ratio. However, the oscillation frequency has little effect on mass
transfer between the walls at different concentrations. It is revealed that excellent global
fluid mixing does not always lead to heat and mass transfer enhancement. © 1997 by

Elsevier Science Inc.
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Introduction

Because of the pioneering studies of Aref (1984), Ottino et al.
(1992) and others, mixing by chaotic pathlines has become quite
familiar to the polymer processing and biomedical applications.
This phenomenon has been called chaotic mixing, chaotic advec-
tion, or Lagrangian turbulence. In short, it refers to the random
path of a fluid particle convected by time-periodic flow with a
regular velocity field. This suggests a very intriguing and exciting
application—fluid mixing can be achieved with regular laminar
flow.

In recent years, several heat and mass transfer investigators
have reported that chaotic mixing can greatly enhance heat and
mass transfer in several devices (Chang and Sen 1995; Nishimura
1994). Ghosh et al. (1992) numerically studied the enhancement
of cross-stream heat transfer by forced oscillations of Stokes flow
in an eccentric annulus mixer and found the existence of an
optimum frequency for maximum transport enhancement. Simi-
larly, Saatdjian et al. (1995) examined chaotic mixing and heat
transfer in the annular region between confocal ellipses. Patera
and Mikic (1986) found that small fluid oscillations at the har-
monic frequency of the instability dramatically increase the am-
plitude of the instability, thus heat transfer is enhanced, within a
grooved channel, even for Reynolds numbers below the critical
value at the onset of self-sustained oscillations. Mackley et al.
(1990) studied the effect of fluid oscillation within a baffled tube
and showed that excellent heat transfer can be achieved.
Nishimura et al. (1993) and Nishimura (1995) studied oscillatory
flow and mass transfer in two sinusoidal wavy-walled channels
over a wide range of flow parameters, and indicated that inertia-

Address reprint requests to Prof. T. Nishimura, Department of
Mechanical Engineering, Yamaguchi University, Ube-city, Yam-
aguchi-prefecture 755, Japan.

Received 7 March 1996; accepted 7 January 1997
Int. J. Heat and Fluid Flow 18: 497-506, 1997

© 1997 by Elsevier Science Inc.
655 Avenue of the Americas, New York, NY 10010

dominated flows yield much better mass transfer enhancement
than viscosity-dominated flows. Nishimura and Kojima (1995)
also examined the effect of net flow superimposed on oscillatory
flow and showed that, at small net flows and large fluid oscilla-
tions, the mass transfer rate for pulsatile flow is almost equal to
that for oscillatory flow with no net flow.

There is a significant practical advantage in using chaotic
mixing to enhance transport rates. Because chaotic mixing can be
achieved under laminar flow conditions, the enhanced transport
is not associated with enhanced momentum transfer. This is in
contrast to transport enhancement by turbulent flow, which
usually has significant pressure drop and power expenditure.
However, transport enhancement has not been clearly connected
with chaotic mixing.

The present study numerically examined the connection be-
tween fluid mixing and mass transfer in a simple flow field, as an
initial step in a more realistic flow field. The analysis deals with
the flow in cavities with time-periodic lid velocity. In this system,
time-periodic oscillations lead to chaotic mixing, as reported by
Takasaki et al. (1993). They found that there is an optimal
frequency producing the best mixing in a square cavity, but did
not consider the transport of such diffusing scalars as tempera-
ture and concentration of species in this flow field.

Mathematical model and numerical analysis

We consider the unsteady two-dimensional (2-D) laminar motion
of an incompressible fluid induced within a cavity with aspect
ratio A = H/L by an oscillating top wall, as shown in Figure 1.
The top wall velocity is given as follows:

v(t) =v,(1 + Psin2mt/T) (1

where ¢ is the time, v, the steady component of the velocity, P
the amplitude of the oscillating wall velocity, and T the period of
oscillation.
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Figure 1 Physical model for fluid mixing and mass transfer

For mass transfer, the oscillating top wall and the bottom wall
of the cavity are maintained at uniform concentrations, respec-
tively, ¢, and ¢; with ¢, > ¢;; zero-flux conditions are supposed
on the vertical walls. Buoyancy forces are neglected here.

The governing equations for this problem are given, in nondi-
mensional form, as follows:

Vorticity transport equation:

S o0 V-vQ ! viQ @)
t— + V-V = —
a0 Re
Relation between vorticity and stream function:
V¥ =-Q 3)
Mass transport equation:
S o< V-vC ! vic 4)
t— + V-VC=—
a9 Pe

where the parameters St, Re, and Pe are, respectively, the
Strouhal, Reynolds, and Peclet numbers: St =2wL /(v,T), Re =
v,L/v,and Pe =v,L/D.

Equations 2, 3, and 4 are to be solved with no-slip boundary
conditions at the walls U =V = 0 together with V= (1 + Psin 6)
at the oscillating top wall and ¥ = 0 along the limit of the cavity.
Boundary conditions for concentration are C(A,Y)=0 along

the bottom wall, C(0,Y) =1 along the oscillating top wall, and
dC/dY(X,0) = dC/dY(X,1) = 0 along both vertical walls.

Takasaki et al. (1993) examined the effects of the Reynolds
number and the frequency of the oscillating top wall on fluid
mixing in a square cavity, and they concluded that enhancement
of fluid mixing by the imposed oscillation strongly depends on
the frequency, but the Reynolds number effect is minute in the
range of 50 to 500. The present study also considered the effects
of the amplitude of oscillation and geometric aspect ratio, in
addition to the frequency effect. The simulations were carried
out under the following conditions. The Reynolds and Peclet
numbers are fixed at Re =50 and Pe =50, respectively; the
amplitude of the oscillating wall velocity P=0.5 and 1.5; the
Strouhal number 0 < St <13; and the geometric aspect ratio
A=1/3,2/3, and 1.

Computations were performed using the Galerkin finite ele-
ment method, which is familiar in numerical analysis (Nishimura
et al. 1987, 1992). The characteristics of the algorithm used here
are summarized as follows. First, linear triangular elements are
used for spatial discretization. Second, the Galerkin method is
employed for discretization of the time derivative terms. Third,
convective terms are treated explicitly in time, while other terms
remain implicit.

Preliminarily, accuracy tests were performed for three cases:
steady flow and mass transfer for a square cavity; pulsatile flow
in straight-walled channels; and oscillatory flow for a square
cavity. In the first case, three nonuniform meshes were defined:
21x21, 31X 31, and 41 X 41 nodal points. The nonuniform
mesh provided a higher concentration of nodes near the top and
bottom walls of the cavity, where the velocity and concentration
gradients need to be accurately resolved. The accuracy tests were
conducted in terms of the stream-function value at the central
point in the cavity for the several Reynolds numbers less than
400. The criterion for convergence to a steady state satisfied a
10~° maximum relative error for stream function and vorticity.
The agreement between 31 X 31 and 41 X 41 nodal points was
satisfactory, within 1% discrepancies. Also a comparison was
performed between the present solutions and the benchmark
solutions of Ghia et al. (1982). For example, Figure 2 shows the
representative result for the velocity field at Re =400. The
present solution (31 X 31 nonuniform nodal points) agrees well
with Ghia’s solution (129 X 129 uniform nodal points), indicating
the effectiveness of nonuniform meshes. For mass transfer, the
results of accuracy tests were similar, as well as fluid flow. Figure
3 shows a comparison of mean Sherwood numbers (31 x 31

Notation

A geometric aspect ratio, = H/L
c concentration

c concentration at the bottom wall
cy, concentration at the top wall

dimensionless concentration, = (¢ —¢,)/(¢c, —¢))
diffusivity

height of the cavity

length of the cavity

p amplitude of the oscillating top wall

Pe Peclet number, =uv,L/D

Re Reynolds number, =uv,L /v

S(t)  summation of an infinitesimal distance between adja-
cent two particles at time ¢

Sh Sherwood number defined by Equation 7

St Strouhal number, = 2wL /(v,T)

t time

NS E RaN

Greek

SRR

period of the oscillating top wall

dimensionless vertical velocity

dimensionless horizontal velocity

instantaneous velocity of the oscillating top wall
steady component of the oscillating top wall
dimensionless vertical coordinate

dimensionless horizontal coordinate

dimensionless time, =2mwt/T
line stretching

kinematic viscosity
dimensionless time, = tv,/L
dimensionless stream function
vortex strength

dimensionless vorticity

Imax
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Figure 2 Comparison of the present and other results for a

nonuniform nodal points) with the solutions (41 X 41 uniform
nodal points) by Antonini et al. (1981). The Sherwood number is
taken to be the ratio of mass flux attributable to convection and
diffusion to that attributable to diffusion alone in the square
cavity. The present results lie on the correlation of Antonini et
al., in a wide range of Peclet number, which indicates the validity
of the numerical analysis for mass transfer.

In the second case, a nonuniform 31 X 31 nodal point was
used to compute pulsatile flow in the straight-walled channel,
and the numerical time-dependent velocities were compared with
analytic ones (Latinopoulos and Ganoulis 1979). The numerical
predictions agree well with analytic solutions, even at high fre-
quencies, within 0.5% discrepancies. Furthermore, purely oscilla-
tory flows were compared with the results for several flow param-
eters by Biringen and Dunabasoglu (1989). A mesh refinement
was conducted by using the same ones as the 31 X 31 and 41 X 41
nodal points for steady flow, and there was a satisfactory agree-
ment in the strength of the main vortex, within 1%, and the
present solutions also agreed well with those of Biringen and
Danabasoglu.

Thus, a typical calculation of time-periodic cavity flows was
carried out on 31 X 31 nonuniform nodal points. Because low-
Reynolds number flows are focused in this study. However,
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Figure 3 Comparison of the present and other Sherwood
numbers for steady flow
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additional tests were performed for some flow parameters, and it
was confirmed that the present solutions are identical to those
with 41 X 41 nodal points. The time-step is chosen to give numer-
ical stability for the convective terms in the vorticity and mass
transport equations and typically for these simulations was 0.001.
It should be noted that the present numerical solutions are in
time-periodic state in which the influence of initial conditions for
numerical computations has disappeared.

It is necessary to observe the Lagrangian behavior of the flow
field in order to know the fluid mixing as indicated by Ottino et
al. (1992). If the fluid velocities are (U, V'), then the trajectories
of fluid particles are given by

StdX/de =U(X,Y,0) (5a)
StdY/de =V(X,Y,0) =V(X,Y,0) (5b)

We assume that at the beginning of calculation a region in the
cavity is filled with marked fluid particles. The fluid velocities
had been calculated in advance and stored at each time-step
throughout the cycle. The particle paths were then determined
by interpolation with the nodal point of known velocities to
obtain the velocity at the particles’ current position. Then a
fourth-order Runge—Kutta scheme was used to calculate the
particle position after a short time using the known velocity.
Once all the particles had been moved, the process could be
repeated at the new time. It should be noted that there is no
diffusion of particles, and the particles have no substance other
than as markers of points within the fluid.

Results and discussion
Fluid mixing

Figure 4 shows instantaneous streamlines during one oscillation
cycle for a time-periodic flow in a square cavity (Re = 50, P = 0.5,
and St = 4.2). Because the velocity direction at the moving top
wall does not change through oscillation, there is only a large
clockwise rotating recirculation, indicating a periodic growth and
decay in the strength. Figure 5 provides information about mix-
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Figure 4 Streamlines for a time-periodic flow (Re=50, P=0.5, and St=4.2)
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Figure 5 Time evolution of a line of particles (Re=50, P=0.5, and St=4.2)
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Figure 6 Streamlines for a time-periodic flow (Re=50, P=1,5, and St=4.2)

ing for this time-periodic flow. For reference, the steady flow
result is also shown. Initially 1000 particles are placed on the
central vertical line in the cavity (X = 0.1 — 0.9). Dimensionless
time T is expressed as tv, /L, which is related to 2w¢/(St T). The
line of particles is no longer constrained to foliow streamlines. It
is striking that much more effective and uniform dispersion of
the particles is observed, unlike the steady flow case. In particu-
lar, the deformation of the line of particles exhibits the presence
of several projections, which are never observed in steady flow.
The projections probably enhance fluid mixing; i.e., the stretch-
ing and folding process of fluid particles.

When the amplitude of the top wall velocity exceeds unity,
the flow direction is reversed. Figure 6 shows streamlines for
P =1.5. The clockwise rotating recirculation persists even if the
top wall velocity is reversed, and then a counterclockwise rotat-
ing recirculation is generated just below the top wall. The center
of the clockwise rotating recirculation is found to oscillate along
the vertical direction of the cavity, unlike the result for P = 0.5 of
Figure 4.

Next we consider the effect of Strouhal number correspond-
ing to dimensionless frequency for P = 1.5. Figure 7 shows the
time variation of the strength of two recirculations; ie., the
clockwise and counterclockwise rotating vortices. A measure of
each vortex strength is given by the maximum value of the stream
function of the vortex. Although the clockwise rotating vortex is
stronger than the counterclockwise vortex, they decrease with
increasing Strouhal number. This is because, as suggested from
the vorticity transport Equation 2, viscous effects become more
dominant than inertial effects as the Strouhal number increases.

Int. J. Heat and Fluid Flow, Vol. 18, No. 5, October 1997

Figure 8 shows particle advection at T = 20 for different Strouhal
numbers as an example. The initial position of particles for each
flow condition is the same as that shown in Figure 5, and the
number of oscillation cycle at v = 20 depends on Strouhal num-
ber. The efficiency of mixing strongly depends on the Strouhal
number, and an optimum value of Strouhal number to achieve
the best mixing seems to exist. It also seems that at St = 12.57, a
poorly mixed region exists near the center portion of the cavity.
A square blob -of particles is located to clarify the nature of
particle advection in this region. Figure 9 shows the results. It is
interesting that the particles hardly disperse even after a long

Re=50 ,P=15, A=l
3

Vi>0 E Vi<0

05t=063
aSt=4.2
o5t=12.57

5t=0.0

tilled symbol:clockwise rotation
open symbol: counterciockwise rotation

1
0955 05 10

1A
Figure 7 Time variation of vortex strength for different
Strouhal numbers (Re=50, P=1.5)
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Figure 8 Deformation of a line of particles for different Strouhal numbers (Re=50, P=1,5, and 7=20)

time for St =0.63 and 12.57; i.e., coexistence of well-mixed and
poorly mixed regions. Thus the effect of Strouhal number on
fluid mixing is not expected from such Eulerian perspectives as
the streamline patterns and the time variation of the vortex

strength.

Figure 10 shows the effect of the geometric aspect ratio. The
fluid mixing is almost identical for 4 =2/3 and 1, but it is poor
for 4 =1/3. This is because of reduction of the folding process
of fluid particles, because the horizontal velocity is more signifi-
cant than the vertical velocity in the cavity of a small aspect ratio.

5t=0-63

4.2 12.57
Re=50,P=1.5,1t=20

Figure 9 Deformation of a blob of particles for different Strouhal numbers
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Figure 10 Deformation of a line of particles for different
geometric aspect ratios

To quantify the degree of mixing, we consider the stretching
of a line of particles. If S(0) is summation of an infinitesimal
distance between adjacent two particles on a line of particles for
the initial condition as shown in Figure 5, and S(¢) is the
corresponding change at dimensionless time , the line stretching
is

A=1InS(1)/S(0) (6)

Figure 11 shows the time evolution of a line stretching for
Re =50, St=4.2, P=0.5, and A4 =1. The line stretching ex-
hibits a great linear growth in terms of exponent during v =0 —
20. However, after 1 =20, it tends to reach a constant value,
which increases slightly with the number of particles. This is
almost identical to the result of Takasaki et al. (1993), and a
slight discrepancy may be attributable to the differences of
numerical schemes and the number of grid points used; e.g.,
21 X 21 nonuniform nodal points. So we estimated the line
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Figure 11 Time evolution of a line stretching (Re=50, St=
4.2, and P=0.5)

stretching at T = 20, independent of the number of particles, as
the degree of fluid mixing.

Figure 12 shows the relationship between the line stretching
at =20 and Strouhal number for several parameters. The
maximum stretching is obtained near St=35, for 4 =1 and 2/3.
While for 4 = 1/3, the effect of Strouhal number is complicated,
and the optimum Strouhal number is obtained for 4 < St <7.
Thus, we confirm that there is an optimum Strouhal number for
the best mixing in each geometric aspect ratio. A comparison
between P =0.5 and 1.5 for A =1 indicates that the amplitude
of the top wall velocity has little effect on the optimum Strouhal
number for the best fluid mixing. This suggests a relationship
between the period of the oscillating top wall T and the turnover
time of the particle motion L /v;.

Mass transfer

Although mass transfer has been the subject of considerable
attention in the steady cavity flow (see Antonini et al. 1981),
there is little study on the mass transfer characteristics under
time-periodic cavity flows.

When velocity and concentration fields are periodically devel-
oped within the cavity, a mean Sherwood number over a period
of oscillation can be obtained by spatial integration of the
instantaneous concentration gradient along the top and bottom

T

.
<
® A=l (P=05) i
2 O A=1 (P=1.5) _
O A=23(P=1.5)

- 2 A=1/3(P=1.5) 1

Y (N T NN WU NN S N SN NN S N N
0 5 10 15

St

Figure 12 Line stretching at =20 for various flow param-
eters
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Figure 13 Concentration contours for time-periodic flows

walls as follows

2% pA4 OC
— dY de
-5 f d €]

’x Qor A4

The question now is how the efficient fluid mixing mentioned
above affects the transport of diffusing scalars in the flow. Figure
13 shows concentration contours for A =1 at two moments
during one oscillation cycle for two Strouhal numbers. One is the
case of St=0.63 for poor mixing, and the other is the case of
St =4.2 for excellent mixing. Although the concentration con-
tours for both cases vary with time, their deformation is smaller
for St = 4.2 than for St = 0.63. This is more clear in Figure 14,
which shows the corresponding time variation of Sherwood num-
bers at the top and bottom walls. It should be noted that the
time-averaged Sherwood numbers at the top and bottom walls
are identical, supporting the accuracy of numerical solutions. For
St =4.2, the Sherwood number at the bottom wall varies little
with time, in contrast to the result for St = 0.63.

Table 1 shows the time-averaged Sherwood number values for
several Strouhal numbers. The Strouhal number is found to have
little effect on the Sherwood number for 4 = 1. At St = 0.63, the
Sherwood number is slightly larger than the steady flow value.
However, at St =4.2 and 12.75, they are smaller. The Strouhal
number effect for 4 =2/3 is similar, but the Sherwood numbers
for A=1/3 are larger than the steady flow value at Strouhal

504

numbers considered here. This is related to a small phase differ-
ence in time variation between the top and bottom Sherwood
numbers for A =1/3, in contrast to the result for 4 =1 shown
in Figure 14.

The above results indicate that excellent fluid mixing does not
always lead to enhancement of heat and mass transfer. This is
because the critical resistance to mass transfer occurs near the
bottom wall in this system, as shown in the local Sherwood
numbers of Figure 14. However, the mixing near the bottom wall
is poor, because the distance between trajectories of two adja-
cent particles near the bottom wall is very small in a given time,
in contrast to the result away from the wall, as shown in Figure
15. Thus, it is suggested that when we consider the transport
process from a fluid to the wall and vice versa, we must examine
the local mixing where transport resistances are dominant, rather

Table 1 Time-averaged Sherwood numbers for several
Strouhal numbers

Sh
St A=10 A=2/3 A=1/3
0.0 (Steady flow) 1.740 1.640 1.159
0.63 1.754 1.653 1.239
42 1.711 1.622 1.185
12,57 1.711 1.624 1.163

Int. J. Heat and Fluid Flow, Vol. 18, No. 5, October 1997
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Figure 14 Time variation of Sherwood numbers at the top
and bottom walls
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Figure 15 Trajectories of two adjacent particles for
time-periodic and steady flows
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than the global mixing over the system considered above. If we
want mass transport enhancement in this system, we must modify
the velocity boundary condition at the bottom wall. For example,
the bottom wall moves in the direction opposite to the top wall,
and the compositional resistance of a circulation region becomes
dominant for a steady flow. However, when an unsteady compo-
nent of the top wall velocity is superimposed on the steady flow,
the resistance is probably reduced by excellent fluid mixing in the
circulation region, as suggested from the present study. This is a
subject for future work.

The information obtained here might be useful for such
practical applications as etching processes of semiconductor ma-
terials and mass transfer in micromechanical devices for low-
Reynolds number flows.

Conclusions

We numerically examined fluid mixing and mass transfer in
cavities with time-periodic lid velocity at a low-Reynolds number.
The following conclusions have been drawn.

(1) When an unsteady component of the lid velocity is superim-
posed on the steady flow, global fluid mixing within the cavity
is greatly promoted because of the stretching and folding
process of fluid particles. The degree of mixing is quantified
by the stretching of a line of particles. There exists an
optimum frequency of the lid velocity for the best mixing.
Also, the degree of mixing increases with the amplitude of
the lid velocity, but decreases for the smaller aspect ratio of
the cavity.

(2) Mass transfer occurs through the fluid between the top and
bottom walls of the cavity. In this system, the mean Sherwood
number depends little upon the frequencies, although the
instantaneous Sherwood number varies with time. This is
because the local mixing near the bottom wall is poor, but
the global fluid mixing is excellent. It is revealed that excel-
lent global fluid mixing does not always lead to enhancement
of heat and mass transfer.
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